Chapter 4

The Z-Transform

4.1 Introduction

4.1.a The Z-transform

A signal processing system is illustrated in Figure 4.1.

e (t) | ¢/D z[n] - Disgrete—Time yln] = D/C _yL(t)
ystem
f hin] !
T T

Figure 4.1: Signal Processing System:

Some tools are needed for analysis/synthesis of the discrete-time systems. In particular,
these tools should provide capabilities for the study of the system’s performance, and system’s
structure. The Z-transform is of immense value in that regard.

Definition: Given a sequence z[n|, n € [—00, 00), the Z-transform X (z) is defined
as

o

X(z)= Z znlz ™", (4.1)

n=—oo

where z is a complex parameter.
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4-2 CHAPTER 4. THE Z-TRANSFORM

4.1.b The Inverse Z-transform

xln| = % %CX(z)z”_ldz (4.2)

where C' is a counterclockwise contour that encircles the origin.
We can show that 4.1 and 4.2 provide unique representation for X(z) and z[n]. This
representation will be denoted by the double-sided arrow:

z[n] < X (2) (4.3)

4.1.c Existence of the Z-transform

X(2) =] ) alnlz™ <

n=—oo

If > Jznlllz ™ < oo (4.4)

n—=——0oo

The region in the complex z-domain over which 4.4 is satisfied is called the region of conver-
gence (ROC).

Im(z)

z-domain

Re(z)

/

Figure 4.2: Z-domain

Since z is complex, then if 4.4 is satisfied for a value z = 21, it will also be satisfied for all
values defined by the circle |z| = |z;|. Therefore, the ROC is a ring in the z-plane centered
around the origin, as shown in Figure 4.3.
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Im(z)
, - 7T \\Z =2
/ \
I \
\ 0 T Re(z)
N /
A ‘ircle  |z| = |z1]

Figure 4.3: Circle |z| = |21

4.1.d Relationship between X (z) and X (f,)

X(z) = Z zn|z™"
X(fa) = Y alnle 2ot
Therefore,
X(fa) = X(2)] ,=ei2nsa
Note:

z = e?™fa corresponds to the unit-circle in the z-domain. Therefore, if the ROC
of the Z-transform includes the unit circle, then the Fourier transform X(fy)
exists, (i.e., Y oo |z[n]| < oc). On the other hand, if ROC does not include

n=—o00
the unit circle, then >>° _ |z[n]| does not converge.

Im(z)
1 2 = el¥W = gi27fa
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4-4 CHAPTER 4. THE Z-TRANSFORM

W Jfa

0 01
+r |5 ]-1
+2r | £1] 1

Illustrations:

X(fq) exists since ROC
includes the z = 1 point.

X(fa) = X z[n]e 9?7 fan
does not converge uniformly
since ROC does not include
z = 1 point.

X(fq) does not converge
absolutely

X(fq) converges
absolutely

@©A Course on Digital Signal Processing, Dr. Aly Farag, August 1996



4.2. EVALUATION OF THE Z-TRANSFORM 4-5

4.2 Evaluation of the Z-transform

o0

X(z) = Z zn|z™"

n=-—oo

For X (z) to be completely specified, we must identify the ROC for which the Laurent series

> x[n]z™™ converges.
Example 1:
1]
Figure 4.4: Right-sided sequence
z[n] = a"uln]
X(z) = Z a"uln]z™"

Il
S
S
Z\ll
S
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4-6 CHAPTER 4. THE Z-TRANSFORM

Re(2)
X()=——,  |z>al.
R
Example 2:

z[n] = —a"u[—n — 1]

—2-1 —2-1
T T

a>1 a<l1

Figure 4.5: Left-sided sequence
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X(z) = Z —a"u[—n —1]z™"

I
|
™
gﬁ
N|
3
I
|
K
L
S
Nﬁ

n=-—00 n=1
o x
= — (Z a 2" — 1> =1- Z(a_lz)"
n=0 n=0
1—a1z
for la™'z] < 1
lz| < a

X(z)=——, lz| <a

Note:

The sequence x[n] is different in the two examples but X (z) has similar form;
the ROCs are different.

Example 3:
1n —1n
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4-8 CHAPTER 4. THE Z-TRANSFORM

n=0 n=0
1
— 4.8
1— 5271 1+§z‘1 (48)
>3 |2I>3
overall ROC must be |z| > £. Simplifying 4.8, we get
X(2) 242 ~ 35) ROC |2| >
z) = : z| > =.
G-DE+D 2
000
Note:
. . ) N(z)
When writing X (z) as a rational function X(z) = D)’ the poles of X (z) are
z

the values of z for which X (z) = oo and the zeros of X (z) are the values of z for
which X (z) = 0. Symbols for poles are x and symbols for zeros are o.
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Example 4:
z[n]
X(2)
X(2)
Note:

@©A Course on Digital Signal Processing, Dr.

Im(z)

= (=1/3)"u[n] - (1/2)"u[—n — 1]
right-sided left-sided
o0 oo
1, 1!
= (=327 )" = (1 - Z(5 z)”)
n=0 n=0
1 1
= |1 -1
1—(—32z71) 1-3 'z
21> jol<3
1 1

+
14 %z—l 1—1z71

o >y
-~

|z>3 |lz|<3

1 1
Overall ROC: 3 < |z| < 5

2z(z — ) 1
= , <lz| < =
(z+3)(z—3) 3 g 2

Aly Farag, August 1996
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4-10 CHAPTER 4. THE Z-TRANSFORM

(1) In Example 1, z[n] was a right-sided sequence and the ROC
was an outer circle.

(2) In Example 2, z[n] was a left-sided sequence and the ROC
was an inner circle.

(3) In Example 4, x[n] has a right-sided and left-sided sequence,
and the ROC was a ring.

Example 5:
a® 0<n<N-1
zln] = { 0 elsewhere
N-1 N-1
X(z) = a"z™" = Z(az‘l)"
n=0 n=0
1= (az )N
1= (az™)

ROC: laz '] < oo

la] < o0
z| # 0
1 N _ N
X(z)=——2"%  Jal<oo, |2/ #0

ZN-1 2 _q

Zeros occur when zV = oV, where zx = ae’?™*/N for k = 0,1,2,..., N — 1. The poles are at
z = 0, since the pole at z = a is canceled by the zero at z = a; i.e., for k = 0. Therefore, the
ROC of this system includes the entire z-plane except at z = 0.

@©A Course on Digital Signal Processing, Dr. Aly Farag, August 1996



4.3. PROPERTIES OF THE ROC FOR THE Z-TRANSFORM

Example 6:

Example 7:

4.3 Properties of the ROC for the Z-Transform

= 0[n]

= Z d[nlz " =1

n=—oo

ROC: all z

4-11

SO0

(oo R

SO0

The examples of the previous section suggest that the properties of the region of convergence
depend on the nature of the signal. These properties are summarized below, followed by some
discussion and intuitive justification. We assume specifically that the algebraic expression
for the z-transform is a rational function and that x[n] has finite amplitude except possibly

at n =00 or n = —oo.

PROPERTY 1: The ROC is a ring or disk in the z-plane centered at the origin,

ie,0<rp<|z|<ry<o0.

PROPERTY 2: The Fourier transform of z[n| converges absolutely if and only
if the ROC of the z-transform of z[n| includes the unit circle.
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4-12 CHAPTER 4. THE Z-TRANSFORM

PROPERTY 3: The ROC cannot contain any poles.

PROPERTY 4: If z[n] is a finite-duration sequence, i.e., a sequence that is zero
except in a finite interval —oo < N; < n < Ny < 00, then the ROC is the entire
z-plane except possibly z =0 or z = .

PROPERTY 5: If x[n] is a right-sided sequence, i.e., a sequence that is zero for
n < N1 < 0o, the ROC extends outward from the outermost (i.e., largest mag-
nitude) finite pole in X (z) to (and possibly including) z = oc.

PROPERTY 6: If z[n] is a left-sided sequence, i.e., a sequence that is zero for
n > Ny > —oo, the ROC extends inward from the innermost (smallest magni-
tude) nonzero pole in X (z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is a n infinity-duration sequence that is
neither right-sided nor left-sided. If z[n| is a two-sided sequence, the ROC will
consist of a ring in the z-plane, bounded on the interior and exterior by a pole,

and, consistent with property 3, not containing any poles.

PROPERTY 8: The ROC must be a connected region.
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Im(z)

Unit circle

RY
V.

Im(z) (@) Im(z)
b ¢
Re(z) Re(z)
(b) (c)
Im(z) Im(z)
Re(z) Re(z)
(d) (e)

Figure 4.7: Examples of four z-transforms with the same pole-zero locations, illustrating the
different possibilities for the region of convergence. Each corresponds to a different sequence:

(b) to a right-sided sequence, (c) to a left-sided sequence, (d) to a two-sided sequence, and
(e) To a two-sided sequence.
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4-14 CHAPTER 4. THE Z-TRANSFORM

4.4 Properties of the Z-transform

(i) LINEARITY

z1[n] «— Xi(2); ROC = R,,
zo[n] — Xo(2); ROC = R,,
axi[n] + bxa[n] +— aXi(z) + bXa(2); ROC = R;; N R,

(ii) TIME SHIFTING
z[n] «— X(2); ROC = R,
zn —n,| +— 2z "X (2); ROC = R,

where the ROC may have possible addition or deletion of z = 0 or z = .
Proof:

Z (z[n — ny)) £ Z x[n —nylz ", letm =n —n,
= Z x[m]z~(mtno)
= z " Z x[mlz™™
= 27" X(z)

If n, > 0, the number of poles at z = 0 in the ROC may change. If n, < 0, the
number of zeros at z = 0 in the ROC may change. For all other cases ROC= R,.

Example 8:

Z .
z—1’
1 2 1

-1 +— 2z~ = >1
ufn — 1] e e T L

uln] +— |z| > 1

000
Example 9:
d[n] +— 1; ROC is all z

No

dn—n, +— 2z~
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where the ROC is all z except for multiple poles at z = 0 if n, > 0.

000
(iii) MULTIPLICATION BY AN EXPONENTIAL SEQUENCE
z[n] +— X (2); ROC = R,
a"zln] X(Z); ROC = |a|R,
Proof:
Z (a"x[n]) 2 Z a"z[n)z "
oo P
= n;ooﬂﬁ[n](a)
A z
= X(-
é)
The ROC will be substituting (%) for z in R,. Hence, the ROC equals |a|R,.
Example 10:
auln] = z[n]
uln] <— & T ROC: |z| > 1
z/a z
" oy = : 1
auln] Ja—1 7-a ROC: |z/a| > 1, |z] > ||
000

(iv) DIFFERENTIATION

zln] +— X(z2); ROC =R,
d

nxln] «— —zaX(z)

where the ROC= R,, except with possible addition or deletion of z = 0 or z = cc.
Proof:

o0

X(z)=Z(aln]) = > zn]z "

n=—oo
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4-16 CHAPTER 4. THE Z-TRANSFORM

Differentiating both sides with respect to z,

d > d, .
SXE) = Y el

= — Z z[n](—n)z""?
= 51 Z [nx[n]]z~"
Rearranging,
—ziX(z) = i (nz[n]) 27"
dz B =
0]+ e X(2)
nxn 2o X(z
Example 11:
uln] — %1; ROC: |z| > 1
] . ad z =)=z =
i w\z-1) 77 (z—1)2 |  (z2—1)2
ROC: |z] > 1

(SRR
(v) CONJUGATE OF A COMPLEX SEQUENCE
z[n] «— X(2); ROC = R,
Zln] +— X(2), ROC =R,

Proof:

o0

Z (@) = Y zlnla

n=—oo

o0

= Y ale)

n=—oo

1>

X(z), ROC=R,
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(vi) TIME REVERSAL
z[n] +— X(2): ROC = R,
1 1
z[-n] +— X (;) ; ROC = i

Proof: Use definition

Example 12:
z
uln] <— T |z| > 1
1/z 1
— = <1
I s et v
| n | n
(right-sided sequence) (left-sided sequence)
Im(z) Im(z)
Re(z) 1 Re(2)
SO0
Example 13:
z[n] = a "u[-n]
1
X = <|1
() = =\ [l</fa
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4-18 CHAPTER 4. THE Z-TRANSFORM

Im(z)

compare with z[n] = a™"u[n].
000
(vii) CONVOLUTION OF SEQUENCES

x1[n] * 29[n] +— X1(2) X2(2); ROC = R,;, N R,,

Proof:
Let y[n] = w1[n] * z2[n] ékiooxl[k]@[n—k]
YO = 3 bl
- nio (kio 21 [k]@s[n — k]) 2"
- ki 21 (k] ( io Taln — k]z‘”)
Let n — k = m, h )
Y(z) = ,ﬁ: k]2 m:i)o To[m]z™

2 X1(2)Xs(2)

The ROC is the product (intersection) of R,, and R,,
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Example 14:

z[n] =uln] | h[n] = a"u[n] y[n]

a<l1

yln] = z[n]*hln]

; >1
S

H(z) «— ; |z| > a
z—a

Y() = ——r—; |z| > 1

(z—1)(z—a)’

SO0

(viii) INITIAL VALUE THEOREM
z[0] = lim X(2)

zZ—00

The previous properties are shown in Figure 4.8.

4.5 The Inverse Z-Transform

oo

X (2) £ Z zn|z™"
zln] = % X(2)2"'dz.

Evaluation of the contour integral is not always trivial. Common Z-transform pairs have
been tabulated. X (z) has to be manipulated to reach a form similar to the tabulated pairs;
also the properties of the Z-transform are often used in this process. We’ll discuss few
approaches to evaluate the inverse Z-transform.
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Sequence Transform ROC
1. z[n] X(2) R,

2. 21[n] X (2) R,

3. x2[n] Xa(2) R,,

4. az1[n] + bza[n]

5. z[n — n,)

7. nzn]

8. z*[n]

9. Re{z[n]}

10. Zm{z[n]}

11. z[—n]

12. z1[n] * z2[n]

13. z|n] =0,
B30, - 5

14. z1[n]za[n]

o

aXi(z) + bXa(2)

z2 " X (2)

X(2/20)

27j

15. Y mlnleiln] = % ?f X (0) X3 (1/0")0 Ldo

L ¢ X1(v)Xa(z/v)vtdv

Contains R;, N Ry,
R, except for the possible addition

or deletion of the origin or oo

|20|Rz

R, except for the possible addition
or deletion of the origin or oo

R,

Contains R,

Contains R,

1/R,

Contains R;, N R,

Contains R;, R,,
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(1) By Inspection/Tables
Example 15:

1

e e

a"uln] «—

z[n] for any variation(value) of a could easily be deduced. For example, if

5)
5/3

3

il = 3 (3) ul

000
(2) Partial Fractions and Tables
Suppose X (z) can be expressed as a rational polynomial in z=! of the form
Simobez ™ & N(2)
X(Z) = kNO = (49)
Yigaiz™t D)
Suppose also that both N(z) and D(z) polynomials can be factorized; i.e.,
boIIM (1 — ¢zt
X(z) = el (=2 (4.10)

aoﬂfil (1 — diz_l)

The above form can be decomposed into a number of lower order terms, for which a tabular
Z-transform may exist. We will consider the following cases:

(i)  X(z) is proper; i.e. M < N.

(i)  X(z) is improper; i.e., M > N

(i) X(z) is strictly proper (M < N)
Case 1: D(z) has simple poles.

In this case, X (z) can be expressed as
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4-22 CHAPTER 4. THE Z-TRANSFORM

Z 1_dkz (4.11)

k=1
where,
A = lim (1 — dgz 1) X(2) (4.12)
z—dy,
Example 16:
X(2) : g > 1
VA =
(1—2"Y(1—az1)
Ay As
1=z * (1—-az1)
Where,

A =t -2 X = (1o ) e

z—1 1—az
_ 1
 1-a
. _1 _ 1
Ay = Ll_I)ICll(l—aZ )X (2) = (1_2_1) |lo=a
_ a
oa-—1

X(z) = 1—2-1 1—az 1’ 2l >1
1
z[n] = T au[n] + (ﬁ) a"uln|
Case 2: D(z) has multiple poles.
Suppose,
N(z)
X =

() D)

N(z)
(1 —diz7)(1 —doz=1)™...(272 + vz~ + B)
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where m is the order of the pole at z = dy and v and 8 are constants. In this case, we can
write X (z) as follows:

A - B, Cz'+D
X(z)= ——F— 4.13
(=) (1—diz71) * 2:31 (1 = dozt)m = +yz7t+ (1.13)

where

Ay = lim(1—diz7")X(2)

Z—)dl
B I ! { it dW)SX(W—l)}
m = im —
wodyt (s —m)!(—dy)s—™ | dWs—m 2

C and D are obtained by equating the coefficients.

Example 17:
1 1
X(z) = . =<z <2
(2) (14327121 = 2271)(1 — 327) 2 12
_ 22: Bn . A A
A (g™ 1-2270 0 132
5 . 1 d 1
= 1m
! wo-21] (1) dW (1 - 2W)(1 - 3W)
_ 2-12W +5] 58
T owona[(I—2W)(1—3W)2 1225
1 1
By = i =
27 whh @ —2w)1—3w) 35
1 ~1568
A = 1 =
DT ORI+ )18 1225
2700
Az 1225
in] = 58 ( 1\" []+1( 1) IR 1] 15682n[ 1]+27003"u[—n—1]
M= 1905 \ T2 ) T35\ ) " 1225° " 1225
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4-24 CHAPTER 4. THE Z-TRANSFORM

(i1) X(2) is improper; i.e., M > N.
In this case, we may be able to write X (z) as

M—-N N A
—r k
r=0 k=1

where B, is obtained by long-division and A is obtained as before.

1422714272
X(z) = T > |z| > 1
1—52 1+§Z 2
1422714 272 2> 1
— z
)
A A
_ B+ 11 2

After using long division,

—1+45z71
(1- %z*l)(l — 2z
(1— 21z (~145271)

X(z) = 2+

A = 1 2
R IR (e
9
Ay = 8
Therefore,
9 8
= 2-— 4.1
X(z) 1— %z*l + 1—271 (4.15)
1 n
zln] = 2d[n]—9 (5) u[n] + 8u[n]. (4.16)

(3) Power Series Expansion Method

o0

Z z[n]z™"

n=-—oo

= ..2[-22% + z[-1]z + z[0] + z[1]z ! + z[2]2 2...

[1>

X(z)
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where the sequence z[n] is formed of the following coeflicients: ...z[—2], z[—1], z[0], z[1], z[2], ....
Based on these coefficients, a closed form solution for z[n| may be obtained.
Example 18:
1 1
X(z) = 22—52—1—1—52'_1
= z[-2]2* + 2[-1]z + z[0] + 2[1]z*

z[-2] = 1
[-1] = —%
z[0] = -1
ol = 5

T -10 T%

-2} l 1 n

ofn] = 8l +2) = 28T+ 1]+ 61n] + 5oln ~ 1]

000
Example 19:
Determine the inverse Z-transform by any method
1
(a) X(z)= TP —2)a = 32_1); Stable sequence
(b) X(z)=¢";
3
-2
(c) X(z2)= ZZ — 2Z; Left-sided sequence
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4-26 CHAPTER 4. THE Z-TRANSFORM

Solution

(a) Because the sequence is stable, the ROC includes the unit circle.

Re(z)

X(z) =

(1+35271)? T 1z Ao Taosy (4.17)

Il
—
+
N
+}—‘
‘ N
+
|
+
|
+

1>
g
=
=
N
S

By comparing the two expressions, we get:
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do) = 1=
Qi = 1=
o2 =
Bl = o
(c)
X(z) = ZZ:;Z; Left-sided sequence

From long division:

2z
2
X(z) = =z +22+z_2
= 22 + 2z + 1_722_1
where
z[-2] =
z[-1] =
2] <
z[n] = o0[n + 2] 4+ 26[n + 1] — 2(2™)u[—n — 1] (4.18)

OO0

4.6 Transform Analysis of LTI Systems

Consider a LTI system with input z[n], output y[n|, and impulse response h[n].
Let X (fa),H(f4), and Y (fs) be the sequence Fourier transforms, and X (z), H(z), and
Y (2) be the Z-transforms of z[n|, h[n], and y[n], respectively.
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4-28 CHAPTER 4. THE Z-TRANSFORM

z[n] y[n]

—> h[n] —

X(fa) Y (fa)

X(z) H(fq) Y(z)
H(z)

4.6.a Frequency Response
Y(fa) = H(fa) X (fa) (4.19)

is, in general, complex. Therefore, we can define the magnitude and the phase response of
the system as

Y({fol = [H(f)X(fo)| = [H(f)||X(fa)l, (4.20)
ang Y(fa) = ang H(fs) +ang X(fa) (4.21)

Note:
Y (fa), 1Y (fa)|, and ang Y (fs) are periodic in f,; with a period of 1.

Example 20: Ideal Lowpass Filter

17 f < fdc
Hyp(f)) = { : |fdd|< VAP (4.22)
) e =3
2 f,
hipln] = Sin2mfen —00<n<o0 (4.23)
™
Hrp(fd)
_—— - 1 _—— -
o i
-1 —05—fa.|  fa.05 1 fa

(oo
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Note:

e Ideal LPF has zero phase, otherwise, it will have
phase distortion.
Ideal LPF is non-realizable (non-causal)
Approximations to ideal LPF should have zeros phase also.

Example 21: Ideal Highpass Filter

Hyp(fs) = {(1] %C'Z{;;|§% 424
hipln] = 6[n] = hup[n] (4.25)
_ _sin27rfcn
= 4[n] — (4.26)
Hpp(fa)
I il I 70-5*fdc‘ fa. 0.5 | 1 | fa

Phase Distortion and Group Delay
Recall that

If zn] «— X(fa), then
zn—d] +— e X (f,),

that is, a delay d in the sequence provides a phase shift of —j27 fyd in the frequency response.
Therefore, the maximum that a phase shift of the form e*727/a¢ can do to the original sequence
is to induce time delay, and vice-versa; a time-delay in z[n| by £d induces a phase shift in
H(f,) by e¥27/¢, The phase response will be

ang Hy(fs) = —j2nfa+ang H(f4) (4.27)
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that is, the induced phase shift effect is linear in f; and it is the best type of phase distortion
(deviation from ideal case) that we can hope for. A measure of phase distortion that is
widely used is the so-called group delay, 7(f4), which is defined as

d

Ty(fa) = _%d—fd {ang H(fa)}- (4.28)

It provides a measure of nonlinearity of phase (deviation from linearity).
Example 22:

Huaasrsf0 = { o <y ]
ang H(f4) 0
r(fa) = 0
metr) = {5 S
W) = =5 eang Huelf)
= g (i)
i~ el
b0
Phase Delay
Tp(fa) é—% 7,09 H(f4) (4.29)
e.g., in Example 22,
W) =~ (~2nfud)
— d=1,(f)
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4.6.b LTI Systems Represented by Linear Constant Coefficients
Difference Equations

Consider the class of LTT systems in which the input-output relationship is given by a linear
(i.e., no y[n] or z[n] terms raised to a power other than 1) Constant Coefficients (i.e., no
factors such as n, /n, ... etc.) difference equation of the form:

Z agyln — k] = Z brz[n — k (4.30)

We show that in such systems the Z-transform provides a powerful tool in their study.
In particular, issues such as causality, stability, and system structure can be readily studied
using the Z-transform which is a generalization of the sequence Fourier transform. Taking
the Z-transform of the two sides of 4.30, we get

N M
Z a2z FY (2) = Z bz F X (2)
k=0 k=0

Y(z) > ko bez ™ &
X(2) S a2k

where H(z) is denoted by the system function.
Notes:

H(z), (4.31)

(i)  Various ROC can be associated with 4.31, therefore, the difference
equation representation is not unique; i.e., various systems can have
the same difference equation.

(ii))  Only general requirements of ROC can be assumed; i.e., its a ring
and contains no poles.

(iii) If the system is assumed to be causal, then the ROC is outside
the outermost pole to produce a right-sided sequence of h[n].

(iv) If the system is stable, then the ROC must contain the unit circle.
(v)  From (iii) and (iv), causality and stability might be opposing

or non compatible characteristics of the LTI system.
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(vi) For the system to be both causal and stable all the poles must
be within the unit circle.

Example 23:

Wil — oyl 1]+ yln— 2] = 2]
1
1—5z71422
1
(1-3zH)(1—-2271)

Im(z)

ah
N

1 Re(z)
5 2

The possibilities of ROC:

The possibilities of ROC: (i) 5 < [z] < 2
(i) |z| > 2
(i) |2 < 1
For the system to be causal, ROC: |z| > 2
For the system to be stable, ROC: 1 < |z| < 2
The system is neither stable nor causal when the
ROC: |z < %

SO0

@©A Course on Digital Signal Processing, Dr. Aly Farag, August 1996



4.6. TRANSFORM ANALYSIS OF LTI SYSTEMS 4-33
Inverse Systems
From 4.31,

_ Yilobkz ™ A N(2)
Eljcvzo a2zt D(2)

H(z)

Suppose we can factorize both N(z) and D(z); i.e., we can write

_ boITM (1 — cp271)

H(z) = 4.32
(2) aoJIY (1 —dgz1) (4:32)
We can define another function H;(z) such that
H(z)H;(z) =1 (4.33)
Therefore,
N —k
H(z) = 0 (434
D k=0 bkz™
and if H(z) is factorized as in 4.32, then
Y (1 —dpzt
Hi(z) = 2ozl = iz ) (4.35)

b IIM (1= 27 Y)

the system which satisfies 4.33 - 4.35 is known as the inverse system.
Notes:

(i)  From 4.33, the ROC of H;(z) and H(z) must overlap

(ii) If H(z) and H;(z) can be as in 4.32 and 4.34, then
if the system is causal, the ROC of H(z) is |z| > mgx(dk)

and H;(z) has arbitrary ROC but overlaps |z| > m]?:v(dk).

Example 24:
1—0.5271
H = — ith : 0.9
(2) 0.9, with ROC: |z| >
1—0.9271
Hiz) = — %
i(2) 1— 052"
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The possibilities of ROC for H;(z):
(i)  Inside pole at z = 0.5; i.e., |2] < 0.5
(ii)  Outside pole at z = 0.5; i.e., |z| > 0.5
(iii) Has to overlap ROC of H(z)

Therefore, the ROC of H;(z) is such that |z| > 0.5.

e Because the ROC: |z| > 0.9 outside of z = 0.5, then the system
H;(2) is causal.

e Because the ROC: |z| > 0.9 includes the unit circle, then the system
H;(z) is stable.

(oo R
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Fact:

A LTI system is stable and causal and also has a stable and causal inverse system
if and only if the poles and zeros of H(z) are inside the unit circle.

Im(z)

1
ftfe

Example 25:
0.5(1 —0.6271)(1 —0.9271)
(1-0.2271)(1 -0.3271)(1 — 0.85z71)

is the system function for a causal and stable LTI system - Likewise H;(z).

H(z) =

(o RoRe

4.7 Infinite Impulse Response (IIR) and Finite Im-
pulse Response (FIR) Systems
Consider H(z) in 4.32; i.e.,
_ boIIM (1 — ¢xz™1) _ N(z)
aollV (1 —drz=')  D(z)

We can, using partial fractions, simplify H(z) to

H(z)

H —M_NB Ly A 4.36
(2) = Z rZ +Zma (4.36)
r=0 k=1

where B, is obtained by long division of N(z) by D(z) and Ay = lim, 4, (1 — dxz™')H(2).
Recall that B, terms will be present only if M > N. Now we can define two types of LTI
systems for which h[n| will be distinctly different.
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4.7.a IIR Systems

CHAPTER 4. THE Z-TRANSFORM

An IIR system is a system in which h[n] is infinitely long and will result if at least one pole
in H(z) will not be canceled by a zero.

Example 26:

yln] — ayln—1] = z[n]
H(z) = 1—11,21 - zia

Im(z)

dah
\ j Re(2)

where the ROC: |z| > a.

Note:

e pole at z = a is not canceled by the zero at z = 0.
e From the tables, h[n| = a™u|n]

4.7.b FIR Systems

An FIR system has no poles
H(z)

hin]

@©A Course on Digital Signal Processing, Dr.

except at z = 0; i.e., N = 0 in H(z); that is:

= Il (1 —cpz™!)

M
= Zbkz_k
k=0
M
by, 0<n<M
- ;bké[n—k] = { 0" olse

Aly Farag, August 1996
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(4.37)

(4.38)

(4.39)
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The difference equation will be:

M
y[n] = Z brz[n — k] (4.40)
k=0
Example 27:
a”, 0<n<M
hin] = { 0. else (4.41)

n=0
M
1— (az Y )M+ A N(2)
= = = 4.42
;(az ) 1—az7! D(z) (442)
N(z) = 1— (az HYM' =1L (2 — ae(ﬁﬂ;))

therefore, H(z) has no poles since the zero at z = a will cancel the pole at z = a.

SO0

Notes:

(1) s

Solutionof 1 — 2" =0isx =e™ k=0,1,2,.... M — 1

(2)  We can have two equivalent difference equations for Example 27:

M
4.41 provides y[n| = Z a"z[n — k|
k=0

4.42 provides y[n| — a&[n —1] = z[n] — ™ z[n — M - 1].

4.8 Structures for Discrete-Time Systems

4.8.a Block Diagram Representation of Linear Constant-Coefficients
Difference Equations

Recall: A LTI system can be represented by a difference equation or,
equivalently, by the system function H(z).
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4-38

Example 28:
yln] = ayyln — 1] + axy[n — 2| + bzn| (4.43)
H(z) = )1;((2 T 1- alz—ll) — Qg2 (444)

we are interested in the representation of 4.43 or 4.44 by block diagram.

SO0

Elements: Assumptions: Adders only have two inputs!

Figure 4.9: Multiplier

z2[n]
z1[n] 4{45* o1[n] + z2[n]

Figure 4.10: Adder

z[n] 51 z[n — 1]

Figure 4.11: Unit Delay
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The system in 4.43 can be represented by:

General Difference Equation Representation

Consider the difference equation

Z agy[n — k] = Z brz[n — k|

Assume that a, =1

yln] = Y aryln—kl+ Y byaln — k]

lecvio bz ™"
1— Zszl apzk

H(z) =

Direct Form I Representation

M B 1
HE) = (zb )(1_2)

1>
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4-40
z[n] H(2) Hs(2) y[n]
vln]
V() A
H@) = %5 =2 bt
k=0
M
V(z) = X(2)> bpz*
k=0
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Therefore, the direct form I representation is:

Direct Form II Representation - “Canonical Form”

= —Dimghir ' Migh: !

1- Zk:l agz L= =) k2

where N7 = maxz (M, N). Now let’s rewrite H(z) as follows:

W) 1 B
HQ(Z) - X(Z) - 1— ZkN:ll aszk
X(2) = W)=Y apz "]
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an] y[n]
Y(x) _ <
Hi(z) = =) bpzF
e~
N1
Y(z) = W() (Z bkz’“>
k=0
Direct form IT Representation is:
Combination of Delays in Direct form IT
Comments:
1. The above form requires minimum number of delays.
2. Although forms I and II are equivalent, effect of finite-precision arithmetic

can be drastically different on the performance of the two forms.
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4.8.b Signal Flow Graph Representation of Linear Constant-Coefficient
Difference Equations

Similar to the block diagram representation with few different notations.

Example 29:
wi[n] awy[n] + z[n]
wyln] = win]
wz[n] = bows[n| + biwy[n]
wyln] = wsn]

OO0

4.8.c Basic Structures for ITR Systems

General Design Considerations:

e Number of multipliers should be minimum to reduce
computation time.
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e Number of delays should be minimum to reduce memory
size.

e Finite register length and finite-precision arithmetic.

(i)  These depends upon the structure used (signal flow graph).

(ii))  These effects do not, in general, correlate with minimum
number of multipliers and/or minimum number of delays.

Direct Forms

yln] =Y axyln — k] =) bezln — k]

H(Z) = chwzo bkz*k
N -1
1= akz

Assume M = N
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Direct Form I:
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1 bo

zln] N VR y[n]
U (U
a1 b1
N\ (]
® ®
ba

O ®

an,—1 * by, -1
® ®

AN,

z[n] azn] z[n] o o az[n]
Multiplier /Gain
z2[n] 2afn]
21[n] 4{45* 21[n] + aa[n] ““[”]éié 21[n] + w2[n]
Adder
ol [ S m——

Unit Delay
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y[n] :cén] w3 y[%]
O N
21 21
b1 al
O——— <
271 271
bo az
O——= ———<—0
[ ] [ ]
[ ) [ )
* bm—1 anN-—1 ®
21 51
bm an

Direct Form II: “Canonical Form”
Example 30:

_ 142214272
T 1—0.752"14+0.12522

H(z)

SO0
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o) ) ~ yin]
21
al b1
21
a2 ba
[ ]
[ ]
an;—1 ®  by;1
( )
41
an, by,
O O
z[n] 1 v[n] 1 y[n]
271 2z~ 1
2 0.75
O—————H <
21 21
1 —0.125
O———->0 O———0

Figure 4.12: Direct Form I

4.8.d Basic Network Structures for FIR Systems

Direct Form

yln] = Zbkx[n—k]
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k=0
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x[n] - - - y[n]
1 1
271
0.75 2
271
o O
~0.125 1

Figure 4.13: Canonical Form

where
_J by, n=0,1,2,...,. M
B[] = { e (4.45)
z[n] z~1 z~1 21
h[0] h[1] h[2] h[M —1] h[M]

C
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